INTRODUCTION
Application of the finite element method to timedependent problems, particularly mechanical vibration problems of complex structures, dates back to the early 1960's.
The use of "consistent" mass matrixes was proposed by Archer in 1965, and mode superposition techniques became popular in the late 1960's for the analysis of vibration problems.
During the last half-decade, the need for studying transient dynamic phenomena in complex structures, particularly wave phenomena, has risen sharply. Prejudices that developed while studying vibration phenomena still persist, and modern engineering literature on finite element applications to wave problems is still filled with discussions of various implicit schemes which had proved to be efficient for low frequency response or linear structures.
In very recent times, application of finite element methods to nonlinear dynamic problems have begun to appear, but one rarely finds the mention or shocks or of numerical schemes capable of handling them.
In the present paper, we summarize some of our recent work on finite element formulations of shock and acceleration wave problems in connection with nonlinearly elastic bodies, and cite at least one method for proving convergence of the method at points away from wave fronts where the solution is relatively smooth. What we actually dwell on are not "pure" finite element techniques, since they are explicit in time, involve finite element approximations of the spatial dependencies, and various difference schemes in time.
GLOBAL BALANCE LAWS WITH JUMPS
The finite element method is a variational method of approximation.
As such, it should feature all of the usual properties of variational techniques, namely, the intrinsic inclusion of boundary conditions and even jump conditions in a single expression equi valent to and consistent with systems of local equations describing phenomena at hand. The Iormulation of finite element equations of motion including this latter feature, jump conditions, is something developed only rec ently.
In Ref.
1 we desc riOOd a one-dimensional formulation which is used in a shock-smearing scheme; in Ref. 2 an alternate, but equi valent three-dimensional version is described.
The formulation itself suggests several numerical schemes, and we shall record here some of the essential features.
To eliminate unnecessary detail, we shall limit ourselves to simpler onc-dimensional cases.
Consider a thin cylindrical rod of length Lo and area Ao in motion relative to a fixed inertial (spatial) frame X, 0 being the mass density per unit leTl!,Tlhin the reference configuration.
We assume here that the mass density o is constant.
The motion of the body can be described in terms of the longitudinal displacement field u, which is a function of time t and the material particle X; u = u (X, t). As the body moves, a surface of discontinuity also transverses the body, and its position at time t is gi ven by the material coordinate Y.
To describe this motion, and the propagation of the disturbance at yet) through Lo, we call upon the following global equations of physics:
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Here V is the intrinsic wave speed,
dt, a(X, t) is the first Piola-Kirchhoff stress at particle X at time t, e is the internal energy density, and q(X, t) is the heat flux at X at time t. The notation [fJy denotes the jump in a field f at the wave front Y:
From which we obtain the amplitude equation, (8) [ that the preceding equations imply the alternate global law (2) 2. Conservation of Energy
At particles X that do not fall upon the surface of discontinuity, Eqs. (1) and (2) where a = (a(y(t-),t) + a (y(t+),t))/2. In addition, the kinematical compatibility equations (Ref. 3 ) imply that at a surface of discontinuity (6) eD (X) which have the following properties:
•. , G, are linearly independent, polynomials of degree :s; k, and provide a basis for a G-dimensional spa c e Sh(L o ) ' Typically, the global basis functions are of the form are discontinuous, and satisfy the kinematical compatibility Eq. (7), then shocks can be included explicitly.
Shock fitting schemes are obtained using this type finite element model.
,.
From this point on, we abandon the convention of placing a subscript e to denote the element of interest.
Then. if we reformulate Eq. (9) for a finite element of lellj,Tth h we arrive at what we term the "consistent" finite element equations for wave phenomena:
where n a are entr ies in the Boolean matrixes I{ describing the connectivity of the model. Generally • 6,X
the value of the local finite element approximation of the displacement field at node a at ti~e t, the mass matrix, a generalized force at node S. S6 = amendments to Mas and Sa due to the presence of the rollowing jumps. Unfortunately, a little thought about~he discontinuous character of shock waves will soon lead to t he rea lizati on that the "usual" £i nite e lem ent model Eq. (10) Similarly, we obtain global equations corresponding to Eq. (13) by enforcing continuity at element junctures, (15) where 0 = to < t 1 < ..• < t r = T and t n + 1 -t n =~t. 
I I a~(v-lT h v)II~Khk+l-l{lvlk+1
.n 'i ) = acoustical wave speed. We shall now describe briefly techniques that can be used to study the accuracy and convergence of the schemes described in the previous section.
We remark that efror estimates in an "energy" norm were deri ved in Ref. 5 and then to demonstrate using the triangle inequality, that 
(Hm(o)) is the space of functions u: 0, T -Hm(O) with norm
Then we obtain a theorem specifying the behavior of e: for the central difference approximation, Eq. (23).
Theorem I: U ,,4>../at 4 e: L 2 (L 2 (0)) then there exists a constant C1 such that
where E = X -W n e: "W n = hn n n 'n Our technique is to show that Now the aPRroximation error e is defined by en = l.n -h • U we select an ar~itrary element Wn in Rh(O, Lo), we see that en can be decomposed into components
and Eqs. (26) through (28) hold fOf all X, t, £ (0, LJ X (0, T). These conditions represent positive definiteness, boundedness, and Lipshitz continuity respectively.
These are not unreasonable assu mptions physically. Then we introduce an approximation theory result due to Nitsche (Ref. 9).
• (41 ) FlNITE ELEMENT MODELS OF THE SHOCK FITTING TYPE
In this section, we introduce certain finite element models of the shock fitting type; 1. e. , we develop schemes which effectively contain discontinuous trial functions associated with certain generalized coordinates and which explicitly represent shocks.
As before, we illustrate the main ideas through a one-dimensional example.
A more detailed account of this type scheme is given in Ref. 2. x (42) j h Initially we seek a finite element model for the displacement field u over a finite element of length h, To explicitly represent shock t y P e phenomena, we introduce a finite element approximation with a "corner" as shown in Fig. 1 . Here X· represents the position of the corner in U and thus the position of the disconti nuity in au/ax, We choose here a linear displacement approximation for simplicity. Higher order displacement approximations can be introduced using similar procedures.
The specification of four parameters will suffice to define t he displacement approximation U of Fig. 1 . We choose these parameters to be U(O) , U(h), X·, and a variable S which is effectively the shock strength:
;r~(~(O»)
3
?~(Hk+1(0»).
(40)
Based on this result, we assert that away from the wave front (where this result holds), the Lax-Wendroff scheme proposed is only first order accurate in time.
In comparison the central difference scheme is second order accurate in time at points away from the wave front. On the other hand the spatial rate of convergence is the same in each case.
We note that the central difference approximation seems to be very sensiti ve to the accuracy of the specification of initial data and the accuracy of the starting procedure.
The Lax-Wendroff scheme does not have this problem. In terms of these four parameters, our local displacement approximation is, for example, 2 U = r uct (t) t ct(X) + Set) 13 (X) + x· Set) ( a=l a
This is the finitc element model for propagation of shock waves in a one-dimensional rod. The first three equations are more or less typical of finite element models in struct~ral dynamics; these represent the traditional inertially and elastically coopled equations of motion for the nodal displacement plus the shock strength. The fourth equation, turns out to be a finite element analog of the "amplitude equation" of Eq. (8) . It effectively defines the interaction of the vclocity of the wave and the amplitude of the wave and governs thcir evolution in time.
CONCLUDING REMARKS
Therc are a number of important aspccts of shock calculations using finite elcments on which space has not permitted us to elaborate. Among these, we list the following:
1. The important question of analytical andlor numerical prediction of critical breakdown times for the formation of shocks in nonlinear materials from smooth or discontinuous initial data needs furthcr study.
It is possible to develop closed form analytical estimates for breakdown times in special cases, but the phenomena in general cases can be attacked only with the greatest difficully and generally involves estimates as to when characteristics coalesce.
2.
A less difficult problem, but onc not dealt with here, is the prediction of the growth and decay of shocks.
Equations (7) and (8) can be used to develop an ordinary differential equation for the behavior of the shock strength, and 9 this equation can be handled numerically. There does not appear to be any literature on the use of finite element methods to approximate the solution of the shock strength equation. We hope to investigate such calculations in subsequent work.
3. In developing error estimates and convergence proofS in this paper, we have introduced a number of rather restricti ve assumptions (e.g., Eqs. (26) to (28) which lead to some rather inflexible results.
While our assumptions can be shown to hold in a number of important physical situations, they do not hold for many important nonlinear materials.
To relax these assumptions means to consider theories allowing for nonlinear (e. g., polynomial) growth in nonlinearities.
Test calculations seem to indicate that the use of more general constitutive laws can often make the difference in whether or not the scheme is convergent.
Indeed, by considering mild polynomial growth of nonlinearities as is found in some rubberylike materials, rates of convergence of some of the schemes considered herein can be improved.
4. The question of numerical stability still remains to be answered.
For certain monotone operators of thc type considered herein, it is possible to develop sufficient conditions for stability.
When more general forms of nonlinearity are considered, the development of stability criteria becomes an extremely difficult undertaking .
For more detai Is on these poi nts, see Refs. 1, 3, and 5.
